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Last Week

1) G a connected 7rq/v/7 w/ incidence mtx M
and  HeZ)" ith ol weight Then
» Me=b  has N0 solut on
» Mezb has a (fuite dim) ?uqnfum solution
if & an/y F & s NOT planay-

We view the ngefv of & as ouv variables and ;/7#¢

vertices as ouv ezuaﬁ'pns:
En{uq‘f'r'm carr‘ﬂ/?am/inj }v vertex v:

Xe, X + Xg,= by



2) Given a BLS Mx=b, we consfruct the 7%{/0/7 G(M})
. Verf’icegz 5415'51[}/,‘,,7 a;ﬁ?m»eﬂlﬁ 70-'5,"’2; to the
eiuaw‘ﬂon; m Mk=b.
’ Ac/j'acenf it 7’“/46/ c//'squee‘

X 4%, +X5 = O} X 4 Xy +X,= |

000 [
o\l | O 9
o] o\ ©
lto ool
)
/MK'—'b /'la5 a sa/u*l'm & G(M,b) = é{M, D)
/M)(':b hai a CZuan‘Ilwm sa/u?“fvn & G[M,b) ’:‘:’1‘ G(M, 0)

/M X =b l)df a ‘fr'n_ Jr’m. Quan‘fwm sa/u?"fon & G[M,b) ’51 G(M, 0)

lef G be a connected pon-planav 3mp/r
w/ ina‘n/ence m?Lx /ﬂ and beZZm w/ WM we?hf. T}IEVI
GIMY =, GMD), but GiMY # GIMD).






Remimlex

’fic// Rl pn/y (T Z%E’ré’ exrslz  a

Ck—q/yeéra _/4 Zﬁg?l' ﬂdﬂié giggcigj fzrg2£, and

there 5 a

PeM, (L) 5.+

A& f;/oAﬂ. (%)
(3;%3’6&97‘»’}/ of [%) : 3% Py» =,,'2,.;, Po¥

For a QFM, (X) = Pyhpy’h':o l-'F Vf/[j/j’) #r‘f/(h,h')_

Recall: f=[F,J)€/Wn/.A) is a CPM

N PU':/DI:P:{Q; V /;J;ffwj
- Zpc1-Zp, Vigeld]



Ouantum Groups

A &
is a pair ((6),U) where (&) is a anital
Cﬁalgebm which is 7enerq+€(f by The enfr/es
of the matrix 'l/[=[w,-d-,)5ﬂ4n(d6)). MNoresver.
the x-homomovphism A:C(6)— (16)2((¢) given
by M,—-H%M,—,‘@MKJ. must exist, and U and

d
ifs frqwe})oée MT must be invfrfr'b/ﬁ

let = be a subyV‘oMP o GLinL). We use
Cl(6) to devotle The

from & to & under peintwise mulliplication. Let
m,}--‘(g’“’d: denote the function that maps an
element of & to its i'-fnfr)/. Then (CE), 1Y)
wheve u-‘[w,-);)é/ﬂ..[é(‘f;’)) v a CHMIG



Conversely, amy (M6 &=0E),U) where
C[d;’) r$ Cammwqur've 14 r';amorf}?f[ fo q [ﬂ@é—
O'F 7%:‘5 {\orm.

Ln the noncommutative case C(E) is st often
V‘c’ft’ffe’(/ f'o as Ufhé a/j(érﬂ of 'Funt*/bns on 6’,’

Automer ghism Group offa Graph

Aut(G) = {P£LV(;);<V(&): Pis a perm. mte 4 AGF=P/L%.

Lef M,J/[Mf[é)"*( bd’ C/?{;'neﬂl as im the exqm/o/e azave.
Awt(6)

T}'IZ M,'J', jenerqfe C(Awf{@))g
Let PeAat(6) o define w:W(6)~VCs) o7
E'i:f’ it )—sﬂr[.')

0 Oo.w,

Then Uy = 7TM is The

1EVE) e
of P:
! / _ t
MW(F)= .-Eqﬁm = é 'jw p=F



’MP(M,};) s a QRFMN /Moreover A5u=7/{/46.
- _ x/pYe X /DY
uy(Feto,3 = u#(/?-u,}/f)-u,}(/’) Y PeAtlt)
= M,;I-fof;:u:-y
%u;k(f’)=l V Pe Autl6) > Zu, =1
§p'm:./ay‘/>/ %M’d‘,:l.

Proof of A@u =7/{/4;. /e?“f as exercise.

_Qeﬁ‘nin? ((/luf[é)) thragiz

\We want a q_uaynLum “"“/"7 of Auf/é), re. o

noncommatative version ot C(Aut(8))
a,b  a’: b*=id ab=bq

Define A(6) 1o be the
3eweva+ec/ b)’ e/emenf; P,/ for i)J}é\/[G) 9q1Lr'9‘{">/fn7
the re/a+i9n51

-=pt=p® Vi, eV
AR Y ST
D Zpl=2p, Vi, eV



3) A@(P: f/’g
4’) ‘H're ID'/ a”

Uwivemal C¥'q]3fbrq Cvnﬂlrucfian (5 am/ajous fo

Je'f:'m'n? yrou/os usinj ‘?enqu'}'ors qvi/ rc/nf}ons.

This means that it A is o C'f-a/jelra 7@4?»’47‘&/
by some elements P,’-/;éfff for 1y €VI6) and The
}7,'/ satisfy velations ([)—(4), thea there (s

a #A6)-A4" st

T/?EV‘E 15a ¥- :'9on’)or/o/7isw ¢/((6)—? C(Auf/é))

9r7L- ?{[,D.;)':“,;-
There T | 5urjec+:'ve )G'hamomoVPh"$m ¢ é}/

Mm'yersa/r'{f o'p A,(G’) vac this is iw\)’e[/'f‘\/e_



Lhe ann/'um_&émhaw_érup
(Banica)

Define te be the universal Cx—afgebrq
Bewera'}ec/ by e/emenf; U,/ for f,d}é V[G—) 9q‘{'f9‘{">/[n7
the V‘f/aniang:

]) Uij = (,1,.; = M; \711',) eV(6)

Z) %Mﬁc‘: l = ,ZUIJ', V ’I)a’ f‘V(é)

3) A@u: MAG-

; M=[M?')is a QPM

Then C\)WL/G)f [C(QMT(G)),M) s a (MG cq//eJ
'{‘h? o‘ld é
The ma?trif 7/{ (5 cq//ez/ ﬁfe

6":?: (EVMID?Ly 7raf7/1 on y verf/ces}
Then Qut(G) =5, — the
Kl Wl=TC0) | The, - [Ua (7 ]5F)
Sometimes C(Qutl6)) is
e.9. G=K, for ne3 o 6:=C, for n#%
or it G s the Fetersen graph ($chm; dt)



Im ﬂll.ﬁ case wée wri'lLE me[é)':AM]t/é) mn(/
Sq)/ G

QM'/'(G')i QM?L[@—) 5,ncf any QF/V]
COVWWIM7L65 Wf?‘/) Id'j- qut{ Ag:'::}_'l—"/lg._

Em'eerfr'a a‘F Quf' [ 6‘)

A:((3:108)) > ((Qut (&) ® C( @V.HG))

Alab)=Al)AL) Alu ) Z U DU . is o X-hom
/s(a;*) 4Al)* ANbIECN

5: ([Qut(6)) = C(Raf(6))°T  Sab) = 5(4)5(@)
5lu)-

J‘ [5 & K-hom

€:CQAO)~>C

f(“,‘d;): 5,1 is & X~how

h: C(&"f[&))'—) A 947‘/;6//?7
(h@r'c’)"’él: (I'J@A)°A = h
FW Qfdf(é), h s



Im'fewtw[ﬁers
U - V) «VI(6)" matvix with

oK
( )l',--f,.))',---jn = Mr,)r‘ M’-L).“’ .. M'."J;K
U = (1)

An of Quf(&) s a mnfri/(

lx k ®
Tel Y L T e
AU=UA,
/I@ is a ( [, f)'r'nfer/w/ner éy a/e{}hl'//bn.

Ly : 6l
(/M )"13 5 of i=j=p’ e M €,-®€o;:5,}-8,-

15 a ((,Z)-r’m‘fer‘fwiuer_ Exercfse.

/M"o-‘:r%—m) e; (the all I's vecfor] is o ([, 0) inrtwier
UM =(3)~ MU

Ce((f k):= set of (Z, k)’m?‘evfwmers of Qutlf).

Cc[“" o C‘I(Z'k)



Ci (5 aq i
l) Cqﬁ_[f, k) is & vector space /IZ/{M@/MW: u@@pr
Lire C{[I' Kl, 7_’6(1&[ re) > JoT e C;- (Ptr, kts)
) TeCELK), T'eCllkn) > TTeC5(Ar)
O TeCilo,k) = T elilk L)
5) TeCe(l,/)
6) ‘f:iezwg; ve: ¢ C;(Z,O)

Tht’ carresfam/ence be?‘wecw a C/Mé?é' ﬁé@:
anz] ,“{r, ,'n?‘ék‘}winers s & one- fo—ome Cvrrespaua,(m(

be-’(Wee” SIACA G QMJ 7‘6”60"' Ca{?}or;é’s bwflé
£k

Jmuls Coqur'netl ra U fh X“.
2,k

Tt &<l &5 la (MR G, thea C(E) /s
it ¢ an’y of 9 (lefined =s §e;9€;=f;@€;)

f.$ an in'fveinew 177L d;’ EK€V¢79£’,



C&:<Mnl /Mho AG)'I- °,®, X
CG =M™ M Ay S px
In‘fer‘l'wmers of  Auflt).

([a ¥4 S

Let U be the fandamental repm%n?‘q}/on
o‘F AM'{'[G') Then

U T=TW" o P T=TF" v Peput(s)

TI’WIG TéCG f‘lc d Ou/)r r"l£ T 1% Com;?"an?t on
Hle aré'fs ot 7%(’ ac?lr'yn vf Auf[&) on V[G)IKV(G)’:
[.E. T ,pl)’ )k 7_ !J’ fk If HWEAwf/é)
5.7 ’h’(l,,)-—/.. ¢ ’I‘r’[[;)-js Vs,

C&[ﬂ,k)= SFOIM o'f clmr;\cferfﬂl'r'f ma*w,'(eg v'farb/'/s Of
Aut(e) on /(8)'xVI6)"



l-n ‘H)f n{uqnfum asc, we can a/ca c/e?cr'ne a
notien of orvbits o Qul(6) on VI xV)"

it L+ke) .



