
Quantum Morphisms
Lecture



Last Week

1) G a connected graph w/ incidence mtx M,
and bEZÑ" with odd weight. Then

• Mx=b has NO solution

• Mx=b has a (finite dim .
) quantum solution

if & only if G is NOT planar.

We view the edges of G as our variables and its

vertices as our equations :

Equation corresponding to vertex v :

e"•Y ✗e. +✗e.
+ ✗eibr

G



2) Given a BLS Mix -- b
, we construct the graph GIM, b)

• Vertices : satisfying assignments f.Se-21, to the

equations in Mx --b .

• Adjacent if they disagree .

Example : X
, +Xzt ✗3=0, ✗it ✗+ +✗c.

= I

01 1
10 0

÷I 1 0

3) Theorem :

Mx=b has a solution ⇐ GIM
,
b) = GIM,

0)

Mx=b has a quantum solution ⇐ GIM
,
b) =pGIM,

0)

Mx=b has a fin
.

dim
. quantum solution ⇐ GIM

,
b) ¥61M,

0)

Corollary : Let G be a connected non-planar graph
w/ incidence mtx M and b c-29" w/ odd weight. Then
GIM

,
b) ¥61M,

01
,
but GIM

,
b) ¥61M

,
01

.





Reminder

Theorem : G-=qcH if & only if there exists a

Ct- algebra 1- that admits a 1-racial state
,
and

there is a quantum permutation matrix (QPM)

PEM.nl-1 ) set.

Aop-- PAH
.
1*1

(g. b)
- entry of☒) : gÉgP°jh=ÉnPgñ

For a QPM
, 1×-7<=7 pgnpgni-oifrellg.gl/--reKh.h'1.

Recall : ftp.j) c-Mn /A) is a QPM if

• pij-pij-p.j-V-i.jc.tn ]
• Épi*=1=§ pej Yi,j c-[ n]



Quantum Groups
A compact matrix quantum group ICMQG) IG

is a pair (Ctg) ,U ) where CIHG) is a unital

E-algebra which is generated by the entries
of the matrix U=lu;j)EMnKlG)) . Moreover,
the *-homomorphism A :((6)→ UH ((G1) given

by uij1→§ Uik Ukj must exist, and U and

its transpose UT must be invertible
.

Motivating Example :
Let ¢ be a subgroup of Gun,¢) . We use
CIGI) to denote the algebra of continuous functions

from ⑥ to 16 under pointwise multiplication . Let

uij
:&→ ¢ denote the function that maps an

element of IG to its ij- entry. Then (Claire )
where U=(uij )

c-Mukta) is a CMQG.



Conversely, any CMQG 16=1×461 ,U) where

CHG) is commutative is isomorphic to a CMQG

of this form
.

In the noncommutative case 461 is still often

referred to as

"

the algebra of functions on IG!

Automorphism Group ofa Graph
Ant (G) = { PEE

""""
:P is a perm . mtx

.
& AoP=PAo} .

Let uij
: Aut(G)→¢ be defined as in the example above.

Claim : The
uij generate CIAUHG ))?

É
""

Proof : Let PEAnt (G) & define a :VCG)→V14

s.tl?j--{ 1 if j-r.ci)0 O.w.

Then un
-

- Turn, is the characteristic
ii.V14

function of P :

ualP
'

) -- IT P
'

ic.ua init
={tg if P'=P

D.W.



Claim : U=(uij ) is a QPM
.

Moreover AoU=UAo
.

Proof-u.jp) c- {0,13 ⇒ u.jp/=u?j.lP)--u.*jCP)*-V-Pc-AuHG
⇒ u;j=ñij=uÉj

Eun.tl/---1V-PEAntlG) ⇒ §u;k=1

Similarly Eeuej --1 .

Proof of AoU=UAo left as exercise .

Defining ((Aut/G)) abstractly
we want a quantum analog of Aut (G), i. e. a
noncommutative version of CCAUHGII

.

a ,b a'= b'= id ab=bq

Define 1- (G) to be the universal E-algebra

generated by elements pij for i.JEVCG) satisfying
the relations :

1) pij-pij-piIV-iiJE.MG) } ftp.j) is a QPM2) Épi*=1=§pej vi.JEVCG)



3) AoP=PAo

4) the pij all commute

Universal ( *- algebra construction is analogous to

defining groups using generators and relations
.

This means that if A
'

is a E-algebra generated
by some elements pij.tt

'
for i,jEVlG) and the

pig satisfy relations (1) -141
,
then there is

a surjective ☒-homomorphism 01:t(G)→ s.t.

$lpij)= pij .

Proposition : There is a *- isomorphism 01:11G)→ CIAUHG))
sit

. ftp.jl-uij .
Proof : There is a surjective ☒ -homomorphism $ by

universality of ALG) . Prove this is injective .



The Quantum Automorphism Group
(Banicat

Define CIQNHG) to be the universal E-algebra

generated by elements uij for i.g- c- V16) satisfying
the relations :

1) uij-uij-UFJV-i.je.MG) } U-tu.gl is a QPM2) Éui*=1=§uej Vi,j c-VCG)

3) AoU=UAo

Then Qut/G) = ICIQUHGI) ,U) is a CMQG called

the quantum automorphism group of G.

The matrix U is called the fundamental representation.

Special case : G- In (empty graph on n vertices)
Then Qut(G) = SI - the quantum symmetric group .

K
.

: U= (1) Ki. U= ( Ip
' )

Remark : Sometimes QQat 161) is commutative
,

e.g. G-- kn for ns3, or G- Cn for n -1-4
,

or if G is the Petersen graph /Schmidt)



In this case we write Qut (G) =AnHG) and

say
G has no quantum symmetry.

Remark : Qut (G) =QnHE) since any QPM

commutes with I&J and 1-E-J-I-Ao .

Properties of Qut (G)

Comultiplication : I :(Cantor))→ClQutlG1 ) ☒ CIQNHG))
☐ lab)=Ala1Alb) Aluij )=§Uik☒Ukj is at- horn
☐ (at ) -_ A (a)

*

Antipode : S :((Quito))→ Clanton))" slab)= Slblsla)

Sluij ) -- Uji is at- horn

Counit : E :( (Qatar ) )→ ¢

Eluij )=8ij is at- horn

Haar state : h :( (Qut /G)/→ ¢ satisfying
(h☒id)os=lid☒h1os=h

For Qut (G)
,
his 1-racial

.



Intertwine rs

U☒k - ✓(G) "✗ V16)
"
matrix with

"/ii. in,j . . . .jn= Uijiliiyi - ' Uikjk

U☒°= (1)

An Il
,
Kl - intertwiner of Qut (G) is a matrix

1-c- ¢1611 ✗V14
"

g. f. U☒lT=TU☒K
"

AoU=UAG
Examples : Ao is a 11,1) - intertwiner by definition .

(M") ;,jj , = { 1 if i=j=j
' i. e. M "e;☒ej=8ije;

0 O.W.

is a 11,2) - intertwiner . Exercise .

N''0=2
ic.no,

ei (the all 1's vector/ is a 11,0) - intertwine"

UM " f- An
"

W
"

⇐ Il, KI :-. set of ( lik ) - intertwines of Qatar) .
CI := e.Y.cqll.tn)



Proposition : CI is a tensor category with duals , i. e.

,U☒l☒U☒r=y☒l+r1) Coil, K) is • vector space

2) TC-cill.tl , 1-
'

c-Cir , s) ⇒ T☒T'ECÉll+r,k+s)
3) 1-c-Cill, K1 , 1-

'
c-C.it/-.r)--'TT'ECIll.r)

4) 1- c-Cill,k ) ⇒ 1-* c- Crick , e)
5) I c- CÉ( 1. 1)
6) Y=Eei☒ei C- Coil-40)

IEVIG)

Tannaka - Krein duality (Woronowicz)
The correspondence between a CMQG GIEOI

and its intertwine rs is a one- to - one correspondence
between such ⇐ and tensor categories with
duals contained in ¥ ¢ne×n

"

\

Remark : If GIEO! is a CMQG
,
then CIA is

commutative if & only if 5 Idefined as Sei ej=_ej☒e;)

is an interwiner of ¢
.

Exercise
.



Theorem (Chassaniol) :

Cf=(M
"

,
M
"

, Aoki ,☒, *
CG =(M

"

,
M
"°

, Aa , 5)t.ro,☒, *
¢

Inter twiners of Ant/G)
.

Classical Case

Let U be the fundamental representation
of Ant (G)

.
Then

U☒lT=TU☒k←→p☒lT=TP☒k V-pc-A.at(G) .

Thus TECG if & only if T is constant on

the orbits of the action of Auto ) on V16)lxVGF
,

i. e. Tii.ie
,ji.ji-Tii.ie ,j : . ..gr. if F- a c- Ant (G)

s.t.alirl-iitaljsl-ji.V-r.si

Ell
,
k)= span of characteristic matrices oforbits of

Ant(G) on VCGYXVIG)
"

.



In the quantum case
,
we can also define a

notion of orbits of Qutb) on VIGJEXVCG) "

if lt KEL
.


